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1. Introduction

In two seminal publications of Miyazawa (1960, 1968), summarized in Miyazawa (1976), the
author developed a generalization of the Keynesian income multiplier in the form of a matrix of

inter-relational income multipliers.

The matrix Miyazawa model has a form:

AEA WO ET M
Jov dnv B
Here A is a matrix of direct input coefficients; x is the gross output, f is the final demand, the

I]:Ithe matrix V represents the value-added ratios of households;

vector Y represents total income,
the vector g represents the exogenous income; the matrix C represents the consumption

expenditures.

The following analysis holds, (see Hewings et al. (1999), pp. 22-24) Miyazawa considered the

following 2x2 block-matrix

5

! In Pyatt (1998), discussion is raised of the distinction between factor income (Miyazawa) and institutional income
(social accounting models) in more extensive input-output/social accounting systems. It is not clear in the Miyazawa
system what types of other income are included in g in equation (1), referred to as exogenous income. In all
probability, it will be less inclusive that the institutional income found in the social accounting system.
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The Leontief inverse for the Miyazawa matrix (2) has a form:

B(M)=(|—|v|)'1=

0 sem! B O O B+BCKVB BCK

:Ep | Ho KHEVB 15 kv k3 )
0mA (I Qg A ACT

'S/ 1o Bo HEVB | +V AS

where B=(1-A)"is the Leontief interindustrial inverse matrix, L = VBC is the matrix of inter-

income groups coefficients, and:

K=(1-L)"=(1-vBC)™ =1 v £C 4

is the Miyazawa interrelational income multiplier or generalized Keynesian multiplier, and:
A=(1-A-CV)™ =B +BCKVB (5)

is an enlarged Leontief inverse.
Also the Miyazawa fundamental equations of income formation from capital hold:

VA =KVB

EAC = BCK ©)

In this paper we extend the Miyazawa scheme of matrix inter-relational income multiplier by
incorporating in it the labor and capital income, savings, consumption and investments.
Applications to the construction of Sraffa-Leontief-Miyazawa model and to the Pyatt-Round

Social Accounting Model are considered in detail.

2. Extension considering Wages, Savings, Consumption and Investment

The concept of extension presented in this paper is stimulated by the matrix presentation of Sonis
and Hewings (1988) of what may be referred to as an ‘onion-skin” approach to demographic-

economic impact analysis (see Stone, 1981; Batey and Madden, 1983; and Batey, 1985). Such

an extension can be achieved by consideration of the block-matrices Vv :ggaand C :(é f)
00
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where the matrix W is the matrix of wages, the matrix S is the matrix of the savings coefficients,
the matrix Cis the matrix of households consumption and the matrix [ is the matrix of

investment coefficients.

In this case the Miyazawa block-matrix (2) obtains the form of 3x3 block-matrix:

EA c f%
M=W 0 0 (7
0 0

The formulae (3)-(6), thus, imply that the Miyazawa matrix of inter-income groups coefficients

multiplier obtains the form:

W0 - OwBC wsiC
L=g.cB(C T)=g - (8)
050 SBC  SBI

and the Miyazawa inter-relational income multiplier or generalized Keynesian multiplier is (see

Sonis and Hewings, 2000a):

—1 O wo - D _
LR
(W O +waC WAlD ®)
~ o~ +
=1 +Q EA(C )= - ~
oSO SAC  SAl
and the enlarged Leontief inverse is:
O A - -
A=E—A—(C |)%NED=(| -A-Cw -is)” =
DS%
W (10)
- 0
=B+B|C | )K.B
(€ T)xgsE
Also the Miyazawa fundamental equations of income formation hold:
O WO WO
O.0A=Kg OB
% 0So  0SO (11)
A€ T)=8(¢ Nk
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3. Extensions Linking Capital and Labor

Introducing the division of total income, Y, into wages of labor and profits of capital with the

help of a series of block-column and block-row vectors. The first block-column vector,

O . VO .
Y= ENK 0, represents total income, the second, v = ¥, with the components v, ,v, , represents
oyLOd

L
the income from capital profits and labor wages, the block-column vector g Eg 0 represents the
9.0
exogenous income from capital and labor, and the block-row vector C =(C, C,) represents the

consumption expenditures from wages and profits. We will obtain from the Miyazawa scheme
(1) - (2) the following model (Kimura et. al.,2000 ):

TR EE
ko Ve 0 O V@% 9K (12)
HH BV o offydH df

The model (12) includes two building blocks representing separately the income generation from

capital and labor:

OxO00OA CdD 00 f
0 0O=0 M 06 [0 (13)
kO OVk O Yk O 9k
Ox0 OA CJD x1 0 M

0=0 m O (14)
0o omyono 9%

These building blocks have the original Miyazawa form of income generation. Therefore, the

following analysis holds (see Hewings et al. 1999, pp. 22-24).

Consider, at first, the Miyazawa model (13) for income generation connected with capital.

Miyazawa evaluated the following block matrix

OA CcO

MK=EV o[ (15)

The Leontief inverse for the Miyazawa matrix (15) has a form:
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B(M)=(1-My)" =

O BCkOO 0 B @ OB+BCcKV¢B BCK
=0, KDEO m, » OF Vi < = (16)
I 0 KemVkB 10 O KkVi B Kk O
_0O1 o0 oml Cd O A ACy O
S/K |EEO I%O g EVKB |+VKAKCKE
whereB = (1 -A)is the Leontief inter-industrial inverse matrix and,
Ky =(1-VkBCk )™ =1 +V A C (17)

is the Miyazawa capital inter-relational income multiplier or generalized Keynesian multiplier,

and
Ag =(1-A-CgVy )™ =B +BC K,V B (18)
is an enlarged Leontief inverse.

Also the Miyazawa fundamental equations of income formation from capital hold:

[V Ay =KV B

EAKCK =BCy Ky (19)

Analogously, it is possible to obtain similar results for the Miyazawa model (14) for income

generation connected with labor, replacing the index K by the index L in formulae (16)-(19).
Returning to the Miyazawa model (12), we will present the results of the analysis using the

substitutions into (15)-(19) of the block vectors v = %‘(B and C=(Cy C,) instead of v, ,Cy (see
L

Hewings et al, 1999, p. 24): for the Miyazawa matrix

OA C¢ C.O
M=k 0 o0f (20)
o of

the Leontief inverse may be shown to have the form:
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Ol 0 0mA 0 GOl Cy CO

=t 1 oBo 1 Gho 1 @ = (21)
Ho o 1HHo o HHo o H

OA  AC AC, O

WA 1+VAC,  V(AC, 3
Hioa  viace  1+vac H

1
Q:l

where

-1
A=(1-A-CV) ﬁ -A-(Ck C, %K% =(1 -A C V¢ €V )™ (22)
L

is the enlarged Leontief inverse the model (12), and

-1
0' O 0OVgBCk VyBC
K =(1-VBC) DB « C.) | g ke Y =
B{/ 5 F Bwsc, viBcHE 23)
O +V AC,  V(AC, O
=l+vaC =g ¢ RTL g

is the Miyazawa labor-capital inter-relational income multiplier or generalized Keynesian

multiplier for labor-capital.

The fine structure of the Miyazawa labor-capital inter-relational income multiplier, K, can be

presented with the help of the interlaced inter-relational income multipliers

)
Dy =(| _VKALCK) =1 +V A Cy;

g (24)
A =(1 -V AKC )" =1 +V A CL

This fine structure of the Miyazawa labor-capital inter-relational income multiplier, K, has a

following form:

[l A KV BC A« O
K = KLK kVk Bl L|<LD (25)
(Vi BCxAxik A O

where the Miyazawa fundamental equations of income formation have a form:

ACy =4 Cx Dk VD =Dk Cx Kk

(26)
ACL = A CL A s VLA =D CLKL
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Hence, the Leontief inverse (20) can be presented in the form:

B A A Cy Ak A CLA kL B
B(M) = Ak Vi Ak Ak KkVkBCLA kLo (27)
HALVAL KV BCk Ak Ak

4. The Sraffa-Leontief-Miyazawa Income Distribution Model

The Sraffa-Leontief income distribution model can be presented in a form of Sonis, Hewings
(2000b):

px = (L+1) pAx +w* p(l —A)x (28)

where X is a gross output, p is the vector of prices, A the matrix of direct input coefficients, f is
the final demand, r is the uniform rate of capital profits and w* is the wage rate of labor. Sraffa
found the linear trade of relation between the rate of profits r and the wage rate w*, (see Sraffa,
1960, p.22, and also Pasinetti, 1977, p. 115):

r=(1-wr) K (29)
u

where u is the Perronean maximal simple eigenvalue (0< u <1) corresponding to the left hand p

and right hand x eigenvectors of positive matrix A:

PA=up; AX=ux (30)

Therefore, the capital income

Vg =rpA=rup (31)

and the labor income

Ve =w*p(l =A)=w*(1-u)p (32)

generate the block-matrix of income

VeO O rup 0 O-w*O
V=0,0=0, 0={1-u P 33
8™ Be(a- ) p3 ™0 MG e (33)
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Next let us introduce the block-matrix of consumption C=(Cx C, )whose components are the

capital and labor consumption. With such specifications of block-matrices V and C, the
Miyazawa model (12) with matrix (20) represents the Sraffa-Leontief-Miyazawa income

generation model and formulae (21) -(28) represent its analysis.

5. Interconnection between the Miyazawa 3x3 Block-Matrix Model of Income
Propagation and the Pyatt-Round Social Accounting Model

It is possible to prove the following:

Statement 1: The 3x3 block Pyatt-Round Social Accounting model SAM, (see details and
references in Pyatt, Round (1985))
%yl% 1, amEn g

e gfr 0 O % R (34)

WHH0 A Asa%yEHE

is equivalent to 3x3 block Miyazawa model:

Bh% S A 0 A&% EX B[ylg B A 0 A13%ylg S(lg

070 A 0 0 y@ %, D%’zD:D Aoy 0 0pyg+oeO (35)
HsH HBsAwrs 0 O v FeHBsH BiAcAs 0 O0FYH HoH
where

=(I _Ass)_1? Xg =B3AgX; +B3Xg (36)

The structure of the Pyatt-Round accounting multiplier M, for the system (34) and the structure
of the Miyazawa multiplierm, for the system (35) can be ascertained with the help of an

analytical technique developed for nxn block Leontief multipliers in the subsection 3 of Sonis
and Hewings (2000a).
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E' “Ar 0 Ag
My=0-A, | 0
40 Ay 1-AgH
0 By Bi1AsB3 A, B11A;3Bs %

a
g
g

=B Boy AniBy B, By Ao BiAsBs
BaAnAnBy  BiApBy By

O1-A; 0 —Asd’ J By 0 BuAs O
0 a

M= —An I 0 0 =0 BxAxB I ByuAyBiAsB;O
TBiAwAn 0 1 BAymB, 0 B

where

B ( _Au)_l;

B :(I _A11 _A13B A32A21)_1;

By, = (I - AuBABA, )

(
BaLs = (I B;A,A,B, Als) ,
= (1= Ay - A,ABA,)

(37)

(38)

(39)

Further, it is possible to compare the SAM with original 2x2 Miyazawa system. First of all, we

consider a statement, which is implicitly stated in paper of Pyatt (1998).

Statement 2: The 3x3 block SAM model (34) is equivalent to the pair of 2x2 block Miyazawa

models(a),(B) :

OJ

Y1 Ay AsBsA
2 Aoy 0

00 0
0=0 %%m% (a)
00 MY O %

[

where x, =x; +A;B;x;, and

Oy, 0 O Ay A&:«DD)@ DxlD

Dysg EBsAszAn OD]] y@ %&;E (B) (B)

where xg = B3AgyX, +B;Xg

The Miyazawa multipliers for the systems (a),(B) are:
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v, =0 A1 “AsBsAol’ 0 By BuAgBiA (40)
! 0-Ax I 0O OBxzAuB By, O
01-A, -As0° O By B11 A0
M, = 41
F H By 1 H T EBAuAB BY F @

The analogous Statement 3 can be formulated:

Statement 3: The 3x3 block SAM model (34) is equivalent to the pair of 2x2 block
models(y), (o)

Oy, 0 0 Ay :J]D Yl Dxl (y)

%@E EA32A21 AsdTl y% % E

where x, = Ag,x, +x; and

where xs = Ay Bx +X%,

The Schur-Miyazawa multipliers for the systems (y),(5) are, cf. subsection 2 from Sonis and

Hewings (2000a):

M. = Ol-A;  —Ags uh 0 By Bi1Ai3B{J

- B 42
’ E‘Asz Aoy 1= A33E E ByzAsr Ari By B3 B (42)
O 1 —AyBA; o' o By, By, A2151A135:5
M; = = 43
° ETASZ I = Ag E BBaAsz By, Bas D (43)

Statements 1, 2, and 3 enable interpretations that are compatible with conventional economic
reasoning. Moreover, the important fact is that the exclusion of the first column and row from

the Pyatt-Round accounting multiplier, M,, (see (40)) yeilds the Schur-Miyazawa multiplier My ;

the exclusion of the second column and row gives the Schur-Miyazawa multiplier M, ; and the

exclusion of the third column and row gives the Miyazawa multiplier M, .
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In addition, the extensions of the of the SAM model through the introduction of different assets
(including human capital) that provide factor services and including different types of
institutions, lead to an nxn SAM model, whose accounting multiplier can be constructed by the

analytical technique used for nxn Block Input-Output analysis (see Sonis and Hewings, 2000a).

6. Expansion by Layers of Wages, Profits, Savings, Consumption, Investment
by Labor and Capital

This extension can be achieved by the consideration of following block-matrices:

—

sl
v =L
[PKE

;C=(CL IL Ck k) (44)
where Ww,,S,,C_,I, are the wages, savings, consumption and investments from labor,
P¢.Sk.Ck. I are the profits, savings, consumption and investments from capital. In this case, the

Miyazawa matrix has the form:

OA C. I, C¢ IO
W, 0 0o 0 of
M=Cs, 0 0 o o0 (45)
B« 0 0 0 o0f
« 0 0 0 of

The Miyazawa matrix of inter-income groups coefficients multiplier obtains the form:

SNLB BWLBCL W_BI_ W,BCy WKBIKB
S,BC, S.BI, S,BCy S.BI
L:DSLDB(CL I Cy IK):D LBl LBl LBLk LBk (46)
Op, O OpBC, PBI, P«BCy P(BIO

and the Miyazawa inter-relational income multiplier or generalized Keynesian multiplier is:
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O +W,AC, WA,  W(AC, WAl O
_OS.ACL 14SAlL SAC Sl g
0 RAC, Pl 1+PAC,  PeAl, D

with the enlarged Leontief inverse :

=1

W

A=A -A-(C. 1. Cx I)H"

=l

K

I
HEEEED

i

K

Also the Miyazawa fundamental equations of income formation hold:

O w0 Owd
0 O, 0 OO
0 D50y = k050
a Op O opLO
0
: B s
0
0
ES

(C. 1L Ck Ix)=B(C. I Ck )

12

(47)

(48)

(49)

The components of formulae (45) — (49) represent the different layers of the income formation

and expenditure and savings and investment in the expended Miyazawa model.

7. Conclusion

This paper explores the possibility to enlarge the original Miyazawa 2x2-block income

generation scheme to the case of many layers of labor and capital income, savings, consumption

and investments. This “onion-skin” approach facilitates the inclusion of the Miyazawa income

generation and propagation mechanism into the Sraffa-Leontief model and thus provides an

explanation of the conceptual and structural interconnection of Miyazawa ideas with those

independently elaborated within the Pyatt-Round Social Accounting scheme. Of course, as Pyatt
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(1998) has noted, there are some important differences in the nature of the income propagation
process in the Miyazawa and more traditional SAM systems, with the latter containing a more
inclusive form of income (especially from non-wage and salary sources). However, these

differences can still be handled within the general framework provided in this paper.

REFERENCES

Batey, P.W.J. (1985) “Input-output models for regional demographic-economic analysis: some

structural comparisons’, Environment and Planning A 13, 73-79.

Batey, P.W.J. and M. Madden (1983) “The modeling of demographic-economic change within
the context of regional decline: analytical procedures and empirical results” Socio-Economic
Planning Sciences 17, 315-28.

Hewings, G.J.D., M. Sonis, M. Madden, Y. Kimura (eds) (1999) Understanding and
Interpreting Economic Structure. Advances in Spatial Sciences, Springer-Verlag, New York,

Heidelberg.

Kimura, Y., G.J.D. Hewings, M. Sonis (2000), “Some addenda to the Sraffa-Leontief Model,”

(unpublished manuscript).

Miyazawa, K. (1960) “Foreign trade multiplier, input-output analysis and the consumption

function,” Quarterly Journal of Economics 74, 53-64.

Miyazawa, K. (1968) “Input-output analysis and interrelational multiplier as a matrix,”

Hitotsubashi Journal of Economics 7, 39-58.

Miyazawa, K. (1976), Input-Output Analysis and the Structure of Income Distribution. New
York, Springer-Verlag.

Pasinetti, L.L. (1977), Lectures on Theory of Production. New York, Columbia University Press.

Pyatt, G. and J.I. Round (eds), (1985), Social Accounting Matrices: a basis for planning.
Washington, DC: The World Bank.



R | E | A | L
Expanded Miyazawa Framework 14

Pyatt, G. (1998) “Some early multiplier models of the relationship between income distribution
and production structure,” Paper presented at XII International Conference on Input/Output

techniques, New York.

Sonis, M. and G.J.D. Hewings (1988) “Superposition and decomposition principles in
hierarchical social accounting and input-output analyses.” In Harrigan, F. and P.G. McGregor

(eds) Recent Advances in Regional Economic Modeling. London, Pion.

Sonis, M. and G.J.D. Hewings (2000a) “LDU-factorization of Miyazawa Income Multipliers in

Multiregional Systems,” Annals of Regional Science (forthcoming)

Sonis, M. and G.J.D. Hewings (2000b) “On the Sraffa-Leontief Model,” Paper, presented at XIII

International Conference on Input/Output techniques, Macerata, Italy.

Stone, R. (1981) The relationship of demographical accounts to national income and product
accounts’, in Juster, F.T. and K.C. Land (eds), Social Accounting Systems: Essays on the State of

the Art. New York, Academic Press.

Sraffa, P. (1960) Production of Commodities by Means of Commodities. Cambridge, Cambridge

University Press..



	Michael Sonis
	Geoffrey J.D. Hewings
	Miyazawa, K. (1960) “Foreign trade multiplier, input-output analysis and the consumption function,” Quarterly Journal of Economics 74, 53-64.
	Pasinetti, L.L. (1977), Lectures on Theory of Production. New York, Columbia University Press.
	
	
	
	Pyatt, G. (1998) “Some early multiplier models of the relationship between income distribution and production structure,” Paper presented at XII International Conference on Input/Output techniques, New York.





